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Chapter 9

Basic Phytochrome B Calculations

Robert W. Smith and Christian Fleck

Abstract

Mathematical models are important tools in helping us to understand complex biological systems. Models 
of phytochrome-regulated systems in Arabidopsis thaliana have shown the importance of dimerization, 
nuclear transport, and thermal/dark reversion in mediating phytochrome activity and plant development. 
Here we go through the steps required to calculate the steady-state amounts of phytochrome subspecies 
relative to the total phytochrome molecule population. Starting from a simpli!ed two-state system we 
expand and apply the technique to the extended phytochrome dimer model. Additionally, we provide a 
Python package that can automatically calculate the proportion of phytochrome B in a particular state 
given speci!c experimental conditions.

Key words Mathematical modeling, Ordinary differential equations, Phytochromes, Computer 
programming

1 Introduction

Plant phytochromes switch between two states (inactive Pr and 
active Pfr) in a light-dependent manner to regulate plant physiol-
ogy. Phytochromes are synthesized in the Pr state within the cyto-
sol of plant cells [1–3]. Upon exposure to red light, the 
phytochromes switch from Pr to Pfr, enter the nuclei of cells 
whereby they interact with a range of other proteins, form nuclear 
speckles/bodies, and regulate transcription [4–8]. When exposed 
to far-red light, the active Pfr conformers are switched back to the 
Pr state and the system is reset. As well as the light-regulated reac-
tions, Pfr molecules are also constantly relaxing back to the Pr state 
through thermal reversion [9–12]. However, given that this pro-
cess is slow, it is often only important for regulating phytochrome 
dynamics in darkness or under low intensity light [12, 13]. The 
reactions shown in Fig. 1a form the basic two-state phytochrome 
system [3, 13, 14].

In the presence of synthesis and degradation reactions, exper-
imentally measuring the proportions of phytochrome popula-
tions within speci!c states, and how fast they conformationally 
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change from one state to another, is often dif!cult. Consequently, 
mathematical models and computational optimization techniques 
have been utilized to provide a better understanding as to how 
phytochrome subpopulations regulate plant development [3, 13, 
15–17]. These models have helped explain how phytochrome B 
(phyB) dynamics relate to hypocotyl elongation of Arabidopsis 
thaliana and why phytochrome A shows activity under far-red 
light [3, 12, 14].

To highlight the utility of mathematical models, the two-state 
system of phyB was constructed mathematically and matched to 
data showing thermal reversion of Pfr, degradation kinetics, nuclei 
speckle formation, and, ultimately, hypocotyl elongation all under 
a range of different light conditions (Fig. 1a; [3]). However, this 
model was unable to explain why hypocotyl elongation is not 
strongly inhibited under high intensity ~700 nm light [12]. The 
two-state model was extended to incorporate phyB dimerization—
a phenomenon that had been previously observed experimentally 
[18]. The resulting three-state model (Pr–Pr, Pr–Pfr and Pfr–Pfr 
dimers rather than Pr and Pfr molecules in the two-state model) 
correctly matched #uence-response curves of hypocotyl elongation 
under high intensity 690–716 nm light (Fig. 1b; [12]).

Here, we discuss the two-state and three-state models, show-
ing that the steady-state (after prolonged periods of light expo-
sure) proportions of phytochrome species can be directly calculated 
given the experimental conditions. We then introduce a Python 
script that automatically performs these calculations that we hope 
the photobiology community will !nd of use in the future.

Fig. 1 Phytochrome B dynamics in plants. Simpli!ed schematic representations 
of phytochrome B dynamics in plants. (a) The two-state system whereby phyB 
switches between Pr and Pfr states. (b) The three-state system whereby dimers 
of phyB Pr and Pfr are formed. Here, D0 = Pr − Pr, D1 = Pr − Pfr, and D2 = Pfr − Pfr 
dimers. Parameters: k1, k2=light-regulated photoconversion rates; kdi = degra-
dation rates; kri = thermal reversion rate of Pfr to Pr state. Light-regulated reac-
tions are colored red, thermal reversion in blue, and degradation or synthesis 
reactions in green
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2 Methods

Both of the original models proposed by Rausenberger et al. and 
Klose et al. are too complex to be analyzed at steady state without 
numerical simulations [3, 12]. Here, we shall quickly review the 
two systems and the simplifying assumptions we have made to aid 
the analytical calculations introduced in the following sections. We 
refer readers to the original publications for further details and 
model equations.

As well as photoconversion between different phyB states, the 
two models also include a range of other biological processes 
(Fig. 2): intracellular transport from cytoplasm to nucleus (de!ned 
by parameter kin in Fig.  2) and, ultimately, into nuclear bodies 
(denoted ‘NB’ in Fig. 2, where k3 and k4 are the Pfr-dependent NB 
association and dissociation rates, and k5 is the Pr-dependent NB 
dissociation rate [12]). Within each compartment, the degrada-

2.1 Models

2.1.1 Original Models 
and Simplifying 
Assumptions

Fig. 2 Phytochrome B dynamics captured in full models. Schematic of all the 
biological processes in the full models of phyB dynamics [3, 12]. As in Fig. 1, 
phyB undergoes photoconversion, thermal reversion and degradation. However, 
in the full models, phyB is also transported between cellular compartments, 
including the cytoplasm, nucleus, and nuclear speckles/bodies (NB). Within the 
NBs there is no thermal reversion process. Degradation processes also depend 
on compartment, whereby an interacting protein, C, enhances Pfr degradation in 
the cytoplasm and nucleus. The parameter kin represents nuclear import of phyB, 
k3 and k4 are the Pfr-dependent NB association and dissociation rates, k5 is the 
Pr-dependent NB dissociation rate, and a and b are indicative of the sensitivity of 
Pfr to C and the enhancement of degradation by C, respectively

Basic Phytochrome B Calculations
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tion and thermal reversion of phyB differs. As observed experi-
mentally, thermal reversion is strongly suppressed within NBs due 
to their prolonged visibility after long periods of darkness [3]. 
Degradation rates of Pr and Pfr also differ due to the experimental 
observation that phyB degrades faster under red light when com-
pared to levels of phyB in etiolated seedlings [3]. This suggests 
that Pfr degrades faster than Pr. Further iterations of the model 
went on to include compartment-dependent degradation mecha-
nisms of Pfr whereby degradation is enhanced by phyB-interacting 
proteins in the cytoplasm and nucleus but not in NBs [12]. These 
degradation mechanisms are controlled by two parameters (a and 
b in Fig. 2 and Table 1) that determine the af!nity between Pfr and 
an interacting protein (a) and the enhancement of degradation 
due to the interaction (b).

Whilst these models, when simulated numerically, are more 
accurate at describing phyB dynamics, they are intractable to obtain 
analytic estimates of species concentrations in the phyB system. In 
order to perform the analytical derivations below we make two 
simplifying assumptions. First, Pr, Pfr, and their respective dimers 
degrade at the same rate in all cellular compartments. Second, we 

Table 1 
Format for input "le detailing simulated parameter values

Parameter
Biological 
interpretation Units

Value 1  
(default values) ⋯

Value X (simulating 
no dark reversion)

kdr Phytochrome degradation min−1 0.00061 ⋯ 0.00061

kdfr Pfr-speci!c degradation min−1 49.57 ⋯ 49.57

kr1 D1 dark reversion min−1 0.497 ⋯ 0

kr2 D2 dark reversion min−1 0.0051 ⋯ 0

k31 D1 NB formation min−1 1.36 ⋯ 1.36

k32 D2 NB formation min−1 4.43 ⋯ 4.43

k41 D1 NB breakdown min−1 4.1 ⋯ 4.1

k42 D2 NB breakdown min−1 0.13 ⋯ 0.13

k5 D0 NB breakdown min−1 0.03 ⋯ 0.03

kin Pfr nuclear import min−1 58.4 ⋯ 58.4

M Number of NBs – 6 ⋯ 6

a Sensitivity of Pfr-speci!c 
degradation

– 0.56 ⋯ 0.56

b Strength of Pfr-speci!c 
degradation

– 9 ⋯ 9

Up to X different parameter sets can be simulated. See Fig. 2 for a schematic illustration of parameters biological inter-
pretation. The !rst numeric column shows the default values. See text for details about parameter notation
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allow for thermal reversion within NBs. These two assumptions 
(although biologically inaccurate) allow us to ignore cellular com-
partments in our model and construct simpler, mathematically 
tractable systems with which to estimate the proportions of Pr, Pfr, 
D0, D1, and D2 within cells.

The two-state model incorporates dynamics for the Pr and Pfr con-
centrations within a cell. The ordinary differential equations 
(ODEs) read as follows:
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where dx/dt is the change in concentration x over a time-step dt, 
kr, is the thermal reversion rate, kdr and kdfr are the conformation- 
dependent degradation rates, and k1 and k2 are the light-regulated 
photoconversion rates. We normalized the equations such that the 
amount of Pr before light exposure is equal to 1, that is, 100% of 
the phyB population is in the Pr state. The light-regulated photo-
conversion rates are given by k Ni i= ∑

λ
λ

λσ , where Nλ is the 
wavelength- dependent light intensity of the experimental condi-
tions in μmol/m2s and σλ is the photoconversion cross-section at 
wavelength λ between the two states in m2/mol (see Note 1; [13]).

Similarly to the two-state model, we can simplify the model pro-
posed by Klose et al. to read as follows:
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The states of the dimer are denoted by D0 = Pr − Pr, D1 = Pr − Pfr 
and D2 = Pfr − Pfr [12]. The thermal reversion of D2 is slower than 
D1 such that kr2 < kr1. Again the model is normalized such that the 
amount of D0 before light exposure is equal to 1. Note that, in this 
model, the multiplication of conformation switching from the 
homodimers to the heterodimer by 2 represents the fact that the 
heterodimer can take two different heterodimer forms, Pr − Pfr and 
Pfr − Pr, such that D1 is the total concentration of these two forms.

Here we will go through the steps required to estimate the propor-
tion of the phyB molecular population in a given state after 
 prolonged experimental conditions. To do this we assume that the 
system has reached steady state.

2.1.2 Two-State Model

2.1.3 Three-State Model

2.2 Steady-State 
Analysis
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When we refer to solving a mathematical model at steady state what 
we are implying is that the concentration of each system compo-
nent does not change over time, that is, they are constant. Thus, all 
equations of the system can be set dx/dt = 0. In relation to the 
phytochrome system this means that the sample has been exposed 
to a given light condition for a long enough period of time that the 
concentrations of Pr, Pfr, and their respective dimers are stable.

By setting dPfr/dt = 0 in Eq. 1, we get

 k P k k k P1 2 0r r dfr fr− + +( ) = .  

From this, it is clear to see that

 k P P k k k k P1 1 2 0r fr r dfr fr ,+( ) − + + +( ) =  

is also true as the added k1Pfr terms cancel with each other.
Thus, using Ptot = Pr + Pfr, rearrangement leads to
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Using these expressions, we can also go one step further and ask 
what the effect of light intensity is on the system. By substituting 
k Ni i= ∑

λ
λ

λσ  into the above expressions we get
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From this, as Nλ → ∞, the effects of dark reversion and degrada-
tion of Pfr become negligible compared to the photoconversion 
reactions. Hence, the proportion of Pfr in the system within this 
limit is dominated by the photoconversion spectra or light- 
regulated reactions
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(5)

In order to obtain expressions for D0, D1, D2, and Pfr/Ptot from the 
three-state model, we need to simplify the system. We do this in 
two ways. First, we reduce the system from three variables to two 
by using Dtot = D0 + D1 + D2, such that D0 = Dtot − D1 − D2. This 
means that we go from having three equations and three unknown 
variables to having three equations and two unknowns (D1/Dtot 
and D2/Dtot). Second, we set kdr = 0, implying that synthesis or 
degradation of phyB D0 is very slow relative to other reactions in 

2.2.1 De"nition: Steady 
State

2.2.2 Two-State Model

2.2.3 Three-State Model
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the system [3]. This removes the constant term from the equation 
for dD0/dt and allows the system to be rewritten into new vari-
ables. Thus, upon setting the time derivatives to zero we can 
rewrite the system as
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Substituting the third expression of Eq. 6 into the !rst to remove 
the D1/Dtot terms yields the following:
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Further substitution of this term into the second expression of 
Eq. 6 and solving for D1/Dtot gives
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Finally, using the fact that Dtot = D0 + D1 + D2, we obtain
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(9)

We can now use these expressions to calculate the total amount 
of Pr and Pfr in the system at steady state. Recall that in D2 we have 
all the phyB molecules in the Pfr state, whilst in D1 half the mole-
cules are in the Pfr state. This means that

Basic Phytochrome B Calculations



128

 

P
P

D D
D

fr

tot tot

=
+2 1 2/

 
(10)

and

 

P
P

P
P

D D
D

r

tot

fr

tot tot

.= − =
+

1
20 1 /

 
(11)

We shall not provide the exact expressions here, but one should 
note that as Nλ → ∞ (or equivalently {kr1, kr2, kdfr} → 0) the result-
ing pool size of Pfr is given by
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as is the case for the simpler two-state model in Eq. 5.

We hope, from the above derivations, that we have shown how the 
mathematical models of phytochrome activity can be analyzed to 
estimate the steady-state percentage of Pfr in the system. To aid the 
photobiology community, we have developed a computational 
tool that numerically simulates the full model proposed by Klose 
et  al. [12] or analytically solves the simpli!ed three-state model 
given a set of input conditions. In Fig. 3, we provide a work#ow as 
to how the algorithm functions and what the output could look 
like. These input conditions can be formatted within text !les or 
can be submitted to the tool from the command-line interface. 
The calculator can be downloaded from http://gitlab.com/

2.3 Computational 
Tool

Fig. 3 Overview of computational tool. Schematic overview of the computational tool. Given the input answers 
to speci!c questions (see Subheading 2.3) the Python script simulates levels of phytochrome system compo-
nents. The output is in tabular form, providing the values for each experimental condition requested
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wurssb/Phytochrome_Calculator (see Note 2). Examples of input 
!les required to use the calculator can also be found here. To cal-
culate the relevant values the following questions need to be 
answered.

The amount of Pfr within the phytochrome system depends on the 
rates at which phyB switches between different states, thermal rever-
sion and degradation (Eqs. 4 and 10). Consequently, users can either 
use the published values of the degradation and thermal reversion 
rates (as default) or change them to any value they desire. This could 
be advantageous if, for example, one wished to know how much Pfr 
exists in a molecule population of mutated phyB whereby the ther-
mal reversion rate (given by the kr∗ parameters in Figs. 1 and 2 and 
Table 1) is altered, as in [10, 11]. The altered parameter values can 
be input into the calculator from the command line or using a text 
!le containing a table similar to Table 1 where the !rst numerical 
column shows the default values published by [12].

As discussed above, Pfr levels are dependent on the speed of light- 
regulated reactions (k1 and k2 above) as determined by the photocon-
version spectra (σ λ

r  and σ λ
fr ; see Eqs.  4 and 10). By default, our 

calculator uses the values published for full-length phytochromes 
[13]. However, one may wish to alter the light-regulated photocon-
version rates in the phyB system or measure new photoconversion 
spectra. For example, the N-terminal 650 amino acid truncated form 
of the phyB protein used in synthetic biology has recently been shown 
to respond to light more slowly in vitro than the full- length protein 
in vivo [16]. Thus, if a user had measured or knew that a particular 
phyB variant had altered photoconversion spectra compared to the 
full-length protein, then the user can calculate Pfr levels with these 
new values. The measured photoconversion spectra should be stored 
in a text !le following the table structure shown in Table 2.

2.3.1 Would You Like 
to Change Any Kinetic 
Rates Within the phyB 
System?

2.3.2 Would You Like 
to Use the Default 
Photoconversion Spectra?

Table 2 
Format for input "le allowing multiple photoconversion spectra to be simulated

Wavelength,  
λ (nm)

V r
1   

(μmol/m2s)
V fr

1   
(μmol/m2s)

V r
2   

(μmol/m2s)
V fr

2   
(μmol/m2s)

⋯ V r
X   

(μmol/m2s)
V fr

X   
(μmol/m2s)

300 1404.0 728.3 67.12 71.52 ⋯ 4.953 0.468

310 906.1 572.7 79.26 67.39 ⋯ 5.798 0.352

320 677.7 481.0 101.0 64.71 ⋯ 6.957 0.468

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
Up to X different photoconversion spectra can be simulated. See text for details about parameter notation
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In order to calculate the amount of Pfr, one needs to specify the 
experimental conditions that determine k1 and k2. Users must pro-
vide a wavelength (or wavelengths) and their respective light inten-
sities at which to calculate steady-state Pfr levels. Importantly, users 
can either calculate these values at a single wavelength with a single 
intensity (as would be the case if one would use idealized lasers 
experimentally), across a distribution of wavelengths (as is the case 
when using LEDs experimentally) or across a complete light spec-
trum (as is the case when measuring, for example, natural sunlight). 
The measured light spectrum can be input into the calculator from 
the screen or with a text !le using the table format shown in Table 3. 
This provides users with the freedom to simulate any experimental 
condition currently found in the published literature.

In the above derivations, we have shown how the full dynamic 
system of phyB activity can be reduced under steady-state condi-
tions using simplifying assumptions to a single equation determin-
ing the percentage of Pfr in the molecule population. Here we 
allow the users to choose whether they wish to calculate the per-
centage of Pfr using the analytical steady-state equations or the full 
dynamic system schematically illustrated in Fig. 2 [3, 12]. In Note 
3 we discuss the conditions under which the two solutions differ.

Finally, we require the user to specify where they would like their 
results to be saved. The results are printed to the screen and a text 
!le is automatically created containing different amounts of infor-
mation depending on whether the system has been simulated 
numerically or analytically. If the system has been simulated 
 numerically then information with regards to the relative levels of 
each dimer form, the total amount of Pr and Pfr in the system, how 
much Pfr is in the nucleus, how much D2 is in the nucleus, and how 
much phyB is in nuclear speckles can be obtained. However, if the 
system is simulated analytically then one can only obtain informa-

2.3.3 Do You Have 
an Input File of Measured 
Light Intensities?

2.3.4 Would You Like 
to Solve the System 
Analytically or 
Numerically?

2.3.5 Enter Path 
for Results File

Table 3 
Format for input "le containing experimental conditions

λ1 NO1
λ2 NO2

⋯ λX N
XO

640 0.0834 665 5.0 ⋯ 740 1.0

641 0.0824 ⋯
642 0.0829 ⋯
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮

Up to X experimental conditions can be simulated, including light distributions. Here 
λi is the wavelength of the light source (either a single value or a distribution) and N

iO
 

is the corresponding light intensity
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tion about the relative levels of each dimer form, the total amount 
of Pr and Pfr in the system since the analytic calculation does not 
take into account different cellular compartments (see Subheading 
2.2.2 above). From the current published literature, this informa-
tion should be suf!cient to relate phyB activity to physiological 
responses such as hypocotyl elongation [12]. The output !le is 
organized to provide this information in tabular form (as seen in 
Table 4) for all the requested sets of kinetic rates, photoconversion 
spectra, and experimental conditions speci!ed above.

3 Notes

 1. An important aspect of mathematical modeling is ensuring that 
the equations have consistent dimensions. For example, all the 
ki’s in the models outlined above are in units min−1 such that 
dx/dt = [concentration] · [min]−1. However,

 
k N

mol
m s

m
molr1 2

2 1= ∑ = × ≠
=

λ

λ λ

λ
λσ µ

max

min

.
min  

Thus, the light-regulated parameters need to be rescaled by

 
α

µ
∼ × = × − −mol

mol
s

min
min

6 10 5 1,
 

such that k1 → αk1. The same needs to be applied to k2 to ensure 
that one calculates the correct dynamics of the phyB system and 
the Pfr levels.

In these expressions, λmin and λmax represent the minimum 
and maximum wavelengths for which the photoconversion 
spectra σλ is measured. Thus, even if light intensity is measured 
at other wavelengths, the ki’s can only be calculated if the pho-
toconversion spectra are known. As default in our computa-
tional tool, we use the photoconversion spectra measured by 
[13] where λmin = 300 nm and λmax = 770 nm. Further methods 
have also been developed to calculate the photoconversion 
spectra for phytochrome proteins [16].

Table 4 
Format of output "le

Simulation Total  
D0

Total 
D1

Total 
D2

Total 
Pr

Total 
Pfr

Total nuclear 
Pfr

Total nuclear 
D2

Total phy 
in NBs

Analytic 0.98 0.02 0.00 0.99 0.01 – – –

Numeric 0.98 0.02 0.00 0.99 0.01 0.01 0.00 0.17

Example of which information is contained in the output !le given that the phytochrome system is simulated either 
analytically or numerically
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 2. The code was written using Python version 2.7 with NumPy 
version 1.8 and SciPy version 0.13. We recommend users to 
maintain use of Python version 2.7 when running the calcula-
tor, but our current implementation should be compatible 
with newer versions of NumPy and SciPy. Detailed informa-
tion about the tool’s usage, as discussed above, can also be 
found in the README !les and we encourage users to read 
these before using the program. All input !les need to be 
generated as comma-delimited tables with the columns shown 
in Tables 1, 2, and 3. Example !les are provided with the 
Python scripts.

 3. Within the computational tool, we provide the user with the 
option of analyzing the phyB system numerically or analyti-
cally. The choice of technique used depends on what the user 
wishes to analyze. For example, solving the full system numer-
ically allows the user to observe how altering speckle forma-
tion kinetics (the parameters k3∗, k4∗, or k5 in Table  1, see 
Subheading 2.1.1) leads to changes in Pfr/Ptot. However, 
whilst solving the system analytically restricts the number of 
parameters that can be changed in the system, it does allow 
the user to study a wider range of experimental conditions 
easily. In calculating the analytical expressions, we used the 
steady-state assumption and simpli!ed models (see Subheading 
2). However, in our numerical solver, the user can de!ne how 
long they wish to simulate the phyB system for. This means 
that, under certain conditions, the analytical and numerical 
solutions of the phyB system will differ. We have already 
shown above that when light intensity is high, the amount of 
Pfr in the system at steady state tends to the ratio of photo-
conversion spectra. This is similarly the case for the numerical 
solution. However, when light intensity is low (i.e., when 
Nλ  <  0.1  μmol/m2s), the dynamics of the phyB system are 
slower, meaning that the steady-state level of Pfr will not be 
reached and will require longer simulation time to simulate. 
Thus, the numerical solution after short time-periods shall 
not match the steady-state level under these conditions. Users 
are advised to take this into consideration when performing 
their analyses.
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